A COUNTEREXAMPLE TO WEIGHTED ESTIMATES 
FOR MULTILINEAR FOURIER MULTIPLIERS WITH 
SOBOLEV REGULARITY 



MAI FUJITA AND NAOHITO TOMITA 



Abstract. The problem whether weighted estimates for multiUnear Fourier 
multipUers with Sobolev regularity hold under weak condition on weights is 
considered. 



1. Introduction 



In this paper, we consider weighted norm inequahties for muhihncar Fourier 
multipliers with Sobolev regularity. Before discussing them, we briefly recall some 
basic facts on weights in the multilinear theory. 

In the linear case, it is well known that the Hardy-Littlewood maximal operator 
M is bounded on L^iw) if and only if the weight w belongs to the Muckenhoupt 
class Ap , where 1 < p < cxd and M is defined by 



M/(x) = sup^ / \f{y)\dy 
Q3x \H\ Jq 



for / G ^^^^(R") (see Section [5] for the definitions not given in this section). Let 
1 < pi, . . . ,pn < oo and l/pi + • • ■ + 1/pn = For w = (wi, . . . , wn), we set 



then 
(1.1) 



' . By Holder's inequality, \i w ~ {wi, . . . ,wn) G x • • - x ^ 



Pn I 



N 



fc=i 



AT 

S Yl llfkllLPk^w^:)- 



We define the multi(sub)linear maximal operator A4 by 



^ 1 r 

^(/)(a;) = sup n ^ / \fk{yk)\dy, 
Q3X V; 1^1 Jo 



\\Q\ 

for / = (/i, . . . , /jv) e iioc(R")^> and note that 



N 



M{f){x) <X{Mh{2 



k=l 



Lerner, Ombrosi, Perez, Torres and Trujillo- Gonzalez [T^] proved that A4 is bounded 
from iPi(wi) X • • • X LP"{'Wn) to L^ivis) if and only if u; G A(^p^^ ^p^y It should 
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be remarked that there exists w G ^(pi,...,pjv) such that (jl.ip does not hold ( |12[ 
Remark 7.5]). This says that the inclusion 

(1-2) X • • • X Ap^ c ^(pi,...,p„) 

is strict. 

Let m G L°°(M^"). The A^-hnear Fourier multipher operator r,„ is defined by 

T^M){^)^777^ I e-(«^+-+«")m(0/i(a)...iW(eiv)dC 

for / = (/i,---,/n) e 5(R")^, where a; e M", C = (a,---,^w) G K" x • • ■ x R" and 
rf^ = d^i, . . . ,d^N- It is weh known that in the unweighted case the boundedness 
of T„ holds if 

\dfm{0\ < Cai^r^"^ 

for sufficiently many multi-indices a (see, for example, [5J[71[in] and also [51I51 [T51[T5] 
for multipliers with Sobolev regularity). We set 

(1.3) ™,(0 = m(2J"0vE'(e), jgZ, 

where is a function in 5(R^") satisfying 

supp * C G M^" : 1/2 < lel < 2}, ^ *(e/2^) = 1, ^ e K'^" \ {0}. 

We use the notation ||Tm||^Pi(^j^^x---x-L''Jv(uijv)— ^^''(I'm) to denote the smallest con- 
stant C satisfying 

N 

\\Tm{f)\\LP{u^) <CY[ \\.fk\\LPk{wk) 
fe=l 

forall/-(/i,...,/Ar)G5(R")^. 

Let Nn/2 < s < Nn, Nn/s < pi, . . . ,pN < oo and 1/pi + ■ • ■ + 1/pn = 1/p- 
It follows from [31 Theorem 6.2] that if w = (lui, . . . , wat) G j4pj5/(^„') x ••• x 
Apj^s/{Nn), then 

(1-4) \\Tm\\LPl{wi)X---XLPN(wK)^LP{l'^,) ^ SUp \ \mj \\^r(s/N,...,!,/N)mN,^\, 

where the implicit constant is independent of m (see Li, Xue and Yabuta |14| for 
the endpoint cases). This result can also be obtained from another approach of Hu 
and Lin [8]. Replacing w'-"^^-'"^^^ by W, Bui and Duong [1], Li and Sun [13] 
proved that if w = {wi,...,wn) £ A(^pis/(Nn),...,pNs/(Nn)), then 

Pl{wi)x---XLPN (■wn)^Lp(u^) ^ sup ||mj ll^s^JJJVji-) . 

iez 

By the embedding 

we note that the regularity condition in (|1.5I) is stronger than that in (|1.4p . Of 
course, it follows from (|1.2p that estimate (|1.5p holds if w = (u>i, . . . , wat) G 
j4pjs/(jvn) X ••■ X ^pjvs/(Arn)- See Table [T] for the three cases mentioned here. If 

= 1 (namely, the linear case), estimate p.4p is the same as (|1.5I) . and due to 
Kurtz and Wheeden [TT] . 

The purpose of this paper is to answer the question whether estimate (|1.4p holds 
under the condition w = (wi,...,WAr) G ^(piis/(Arn),...,pivs/(A'n))' ^^id the main 
result is the following: 
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^pis/{Nn) X • • • X ^pjys/(Afn) 


^{pis/{Nn),...,pNs/{Nn)) 




hold 


hold 


y^{s/N,...,s/N)Qg^N7i^^ 


hold 


? 



Table 1. Weighted estimates from LP^{wi) x • • ■ x LP" {wn) to Lp{v^). 



Theorem 1.1. Let N >2, Nn/2 < s < Nn, Nn/s < pi, ... ,pN < oo and 1/pi + 

h l/pN = l/p- Then there exists w = {wi,...,wn) G A(^pis/(Nn),...,pNs/{Nn)) 

such that the estimate 

\\Tm\\LPl{wi)x---XLPN{wN)^LP{iy^) ^ SUp ||mj |] ^y(3/]V,...,s/JV) (JJJV™) 

does not hold, where the implicit constant is independent of m. 

It should be pointed out that the statement similar to Theorem 1 1 . 1 1 holds even if 
we replace L^iy^) by U''°°{v^) (see Remark l3.ip . Using the class ^p/Q which coin- 
cides with ^(pis/(JVn),...,p„s/(Afn)) if -P = (pi, ■ ■ ■ ,Pn) and Q = {Nn/s, Nn/s), 
Jiao [9] gave a generalization of (jl.Sp . See Remark [3?2] for the result corresponding 
to this weight class. 

2. Preliminaries 

For two non- negative quantities A and B, the notation A < B means that 
A < CB for some unspecified constant C > 0, and A ^ B means that A < B and 
B < A. For 1 < p < oo, p' is the conjugate exponent of p, that is, l/p+ l/p' = 1. 

Let 5(R") be the Schwartz space of all rapidly decreasing smooth functions. 
We define the Fourier transform and the inverse Fourier transform T^^ ] of 
/ G 5(R") by 

^.f{0 = m= f e-"«/(.T)d.T and T-'f{x) = -^f e"«/(e)de 
The (usual) Sobolev space W^'*(M^"), s G K, is defined by the norm 

where F is the Fourier transform in all the variables. The Sobolev space of product 
type M^('*i---.««)(]aAfn')^ si,...,SN eR, is also defined by the norm 

\\F\\wu. = ( f (1 + \ci\'r • • • (1 + \^N?r^\m\' 

where $ = (^i, . . . , ^w) £ M" x • • • x M". 

Let w > 0. For a measurable set E, we write w{E) = w{x) dx, and simply 
\E\ = dx for the case w = 1. The weighted Lebesgue space LP{w), < p < oo, 
consists of all measurable functions / on M" such that 

= \fixWwix)dx^ < oo. 

The weighted weak Lebesgue space L''''°°{w) is also defined by the norm 

=supA{u;({xeR" : |/(a;)| > A})}l/^ 

A>0 
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We say that a weight w belongs to the Muckenhoupt class Ap, I < p < oo, if 

where the supremum is taken over all cubes Q C K" with sides parallel to the 
axes. We also say that w = {wi, . . . ,wn) belongs to the class A(^p-^ p^-j, 1 < 
pi, ... ,PN < oo, if 

{If '\ 



where l/pi + • • • + l/pw ~ l/p and — 11^=1 



The proof of the following lemma is based on the argument of j4} Example 9.1.7]. 

Lemma 2.1. Let N > 2, 1 < pi, . . . ,pN < cxd and 1/pi + • • ■ + 1/pn = 1/p- If 
Qfi, a2 satisfy ai/pi + ot2lV'i > ^^/p '"^'^ Q^fe < '^(Pfc — 1) /or fc = 1, 2, i/ien 

w = (wi, W2, W3, W4, . . .,wn) = |a;^^ 1, 1, . . . , 1) 

belongs to the class ^(pi....,p„) . 

Proof. Since Wfe = 1 for fc > 3, the desired conclusion follows from 

T (m /e """" "' n (m /. ^ 

where the supremum is taken over all balls B in M" (instead of cubes). Let B be 
the ball with center xq and radius r. 

We first consider the case |a;o| > 2r. In this case, \x\ sa \xq\ for all x £ B. Then 

1 \ ^ / 1 /■ \ ^/^''= 

We next consider the case \xq\ < 2r. In this case, B C {x G R" : |a;| < 3?'}. 
Since p(q!i/pi +a2/p2) > and ak{l — p'^) > —n for fc = 1,2, we have 



|^|p(ai/pi+a2/p2) (j^x < |2;|P("i/Pi+"2/P2) < ^P("l/Pl+"2/P2)+»l 



a:|<3r 



and 



|a;|"<=(i-pL)d2; < / Ixl^^^i-P'-'^rfa; < r"'=(i-P^)+", fc = l,2. 

J\x\<3r 

Hence, 

1 /■ \ ^ / 1 /■ / \ 

/ U|P(ai/pi+a2/p2) ) TT ( / I |Qk(l-Pfc)j ) 

SI A'' J Mvi^iA' ' J 

< ^til/Pl+a2/P2^ai(l/pi-l)^0!2(l/P2-l) — I 

The proof is complete. □ 
The following fact is known, but we shall give a proof for the reader's convenience. 
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Lemma 2.2. Let r > 0, and let i he a non-negative integer. Then there is a 
function Lp G so that siippi/? C {x £ R" : |a::| < r}, J]g„ ip{x)'^ dx ^ and 

/g„ x^ip{x) dx ~ for all multi-indices f3 satisfying < £. 

Proof. Let V' £ <S(R") \ {0} be a real valued function satisfying supp ip C {x : 

< r}, and set ip{x) = (-A)^+V(a;), where A = d'^/dxf + h d^/dxl. 

We shall check that t/j satisfies all the required conditions. Obviously, supp C 

{x G : \x\ < r}. Since tp is not identically equal to zero, so is ijj. Thus, wc can 

take ^0 G IR" and > such that '0(0 if I? ^ Col < ''o- Since is a real valued 

function, we have by Plancherel's theorem 



ip{x)'^ dx 



{-Ay+'iP{x)\ dx 



(2^) 



> 



(27r) 



2(£+l) 



4(^+1) 



d^^O. 



?-?o|<r-o 



Finally, 



for 1/3 1 < ^. This completes the proof. 



□ 



3. Proof of Theorem 11.11 

In this section, using the ideas given in [5l [151 Section 7] and [T2j Remark 7.5], 
we shall prove Theorem ll.il 

Proof of Theorem [7T71 Let > 2, Nn/2 < s < Nn, Nn/s < pi,. . . ,pn < oo and 
l/pi + • ■ • + 1/pn ~ Wc first claim that there exist ai < —n and a2 > ~n 
such that 

(3.1) ai/pi + a2/p2 > -n/p, ttk/pk < s/N - n/pk, fc = l,2, 
and 

(3.2) ai/pi < -n/pi - s/N + n/2. 

Indeed, since —n/p-\-n/pi-\- s/N — n/2 < s/N — n/p2 and s/N — n/p2 > 0, we can 
take a2 > satisfying -~n/p-\-n/pi-\-s/N — n/2 < a2/p2 < s/N — n/p2. Then, since 
—OL2/P2 — n/p < ^n/pi — s/N + n/2, we can take ai satisfying —OL2/P2 — n/p < 
ai/pi < —n/pi — s/N + n/2. It is easy to check that these ai, a2 satisfy ai < —n, 
a2 > -n, dSlil) and ([3:21) . 

For ai < —n and a2 > —n satisfying (j3.ip and p.2p . we set 

(3.3) w = {wi,W2,W3,W4, . ■ . , Wat) = (|x|"Ma;|"", 1, 1, . . . , 1). 

Let (gi, . . . , Qn) {pis/{Nn), . . . ,pNs/{Nn)) and 1/qi H h l/q^ = l/q. Since 

p/Pk = q/lk for k = 1,2, it follows from p.ip that ai/qi + OL2/q2 > ^n/q and 
ak < n(qk — 1) for A: = 1, 2. Then, by Lemma l2.1i we see that w G A(^g^ g^^y 

We shall prove Theorem ll.il with w defined by (|3.ip . (|3.2p and (|3.3p by contra- 
diction. To do this, we assume that the estimate 

(3.4) l|T'm||LPi(toi)x---xL!'iv(Mijv)->LP(i/^) < SUp ||mj || ^(s/jv,. ...s/jv) 
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holds, where the imphcit constant is independent of to. Let (p G be a 

function as in Lemma [2?2] with r = \/{\QN) and £ satisfying pi (£ + 1) + ai > —n: 
supp C {?/ G K" : |?7| < \/{\QN)}, 



(3.5) / ^(77)2 dry ^0, 

(3.6) / 77^^(77) d77 = 0, \fi\<L 



For sufficiently small e > 0, we set 

(3.7) toW(0 = ^((Ci - ei)/e)^(e2)^(e3) x • • • x ^(C^), 

where ei = (1, 0, 0, . . . , 0) G M". 

We shall estimate the Sobolev norm of tti*^^^ as follows: 

(3.8) sup ||to(')||^(./«,...,./«, < e-^/^+"/2^ 

where to^'^ is defined by (jl.3p with to replaced by m'-'^''. To do this, we choose the 
function 4* G 5(R^") appearing in the definition of to^*^' so that 

supp* C {e e K^" : 2-1/2-'' < < 

*(e) = 1 if < lei < 2^/^-\ 

where 7 > is a sufficiently small number. If e > is sufficiently small, then 
suppto(^) C{(6,...,eiv) : 16 -eil <e/(107V), 1^1 < l/(10iV), 2 < k < N} 
C {(a, . . . , ?^) : 2-1/2+^ < (161^ + • • ■ + \^N?f'' < 2'/'-'}. 

This implies 

if J 7^ 0, 



and consequently 

— — 11,-^/'/'. _ > /^Ml___ ... 11,^1, 



supllTO^'^llvi/cviv = |1to(<=) II vi/(=/iv,. ..,=/«) = |1^((- -ei)/e)||vys/iv||(^||f ^ 



Taking a sufficiently large L > 0, we have 

- ei)/6)||v^./« - (27r)"||(l + I . nV(2~)e'V(e.)||L= 

<e"(^y" (1 + 1x1)2^^(1 + e|x|)-2^dx^ 

<e"(/ dx+ [ \x\'''/^dx+[ |a;|2^/^(e|x|)-2^dx 

\"'|2;|<l "'l<bl<l/c J\x\>l/i J 

< -,s/Ar+n/2 



1/2 



and we obtain (|3.8p . 

Let t/i G 5(R") be such that t/" = 1 on supp^. and set 

(3.9) /i(Ci) = /F^(ei) = e"/^^-"^((Ci - ei)/6), /fc(e.) = ^(6), 2 < < iV. 
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To estimate ||/i''^^|1lpi(u,i), we check that (p belongs to L^^ {wi)- It foUows from p.6p 
that d^ip{Q) = for < Combining this with Taylor's formula, wc sec that 
\^{x)\ < Then, since + 1) + ai > —n, 

< oo. 

\x\<l J\x\<l 

On the other hand, it is obvious that 

\f{x)\^' \x\'^^dx < oo. 



x|>l 

Consequently, (p belongs to LP'-{wi). Hence, 

(3.10) = ^Je"/fV(6x)rNr^da:j = e-'^^/P^M^.^^^.y 

The condition a2 > —n implies that W2 = \x\°'^ is locally intcgrable. Then, since if) 
is rapidly decreasing, we have ||/2||lp2 (u,^) = ||V'||lp2(|:e|°2) < oo and WftWh^k^w^) = 
IIV'IIlp. < oo for fc 3,...,iV. 

We shall finish the proof. By dSJ]) and (|3Jl) . 



(3.11) T,„(o(/)(x-) = T-\(p{{- - e^)le)h\{x)T-^\(ph\(x) . . . T-\(pTn\{x) 

^ _ e^)l,f\{x)T'\(p\{x) . ..T-\(p\{x) 

= e"/fie*'=i-^(^ * v5)(e.T)^(a;)^-\ 

where is the inverse Fourier transform on R". Since p) is not identically equal 
to zero and v-oj — IxI^'^^/^^+^^/p^-' is locally integrable (see p.ip ). we can take 
R> satisfying 

(3.12) 0< / |(^(a;)|P(^-i)i/,^(x)dx < oo. 

J\x\<R 

On the other hand, it follows from p.Sp that 



(27r)" 

By the continuity oi ip (p at the origin, there exist C > and eo such that 

(3.13) \p * p{ex)\ >C for all < e < eo and |a;| < R. 
Thus, 

(3.14) ||r„(.,(/)|U.(,,) > Ce"/''^ ^^Jpix)\P<^''-'^u^ix)dx^ = Ce"/f^ 
for all < e < eo. Hence, by ([311), ^Ml and (jXTUl) . 

JV 

^n/pi < ||r„j(,)(/)||i,p(,ya) < ||r„,(.) ||LPi(.ii,^)x...xLPiv(u,„)^LP(i/^) || /fc || L^fc (lUfc) 

A;=l 

JV 

< supllmf ||^,./„,...,./„,||/(^)|Up,(^,) n IIMU^M-.) :$ e-/^+"/2-"^/^^ 

for all sufficiently small e > 0. However, since n/pi < —s/N + n/2 — ai/pi (see 
()3.2p ). this is a contradiction. Therefore, estimate p.4p does not hold. □ 
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We end this paper by giving the two remarks mentioned in the end of the intro- 
duction. 

Remark 3.1. Let N, s and pi,...,piy satisfy the assumption of Theorem 11.11 
Once incquahty p.l4|) is replaced by the sharper one 

(3.15) I|T;„(^)(./)IUp.-(^^) > e"^*" for all sufficiently small e > 0, 

where to*-') , / and w are the same as in the proof of Theorcm ll.H the same argument 
as before shows that the estimate 

\\Tm\\LPi(wi)x---xLPN {wn)^LP:'^(u^.) ^ SUp ||TOj || y^^(3/]v,...,s/N) (r]v„) 

does not hold, where the implicit constant is independent of m. 
It is not difficult to prove (fXTS]) . Indeed, by (pTTT|) and ([3?T3| . 

{x G M" : |T„(.,(/)(x)| > a} D {x e Br : \^{x)\^~' > (Ce"/P^)-iA} 

for all < e < eo and A > 0, where Bn is the ball with center at the origin and 
radius R. Hence, since < sup;^>Q A {u^ ({x G Br : \ip{x)\'^~^ > A})}^^^ < oo 
(see (|3J2)) ). wc obtain (|3J5)) . 

Remark 3.2. Let I < qk < Pk, k = 1,...,A^, and set P = (pi, . . . ,pjv), Q — 
(qi, . . . , Qn)- We say that w ~ (wi, . . . , w^) belongs to the class ^p/g if 

where 1/pi H + 1/pn = l/p and = Jl^i ^fc^^*"- Note that nf=i "^Pk/qk ^ 

Ap/Q, and A^/^ = ^(pi/go,...,Piv/9o) if 9i = ' ' ■ = 9w = 5o > 1- 

Let > 2, n/2 < Sk < n, n/sk < _pfc < oo , fc = 1, . . . , A^, 1/pi H h I/pat = 

l/p, and set = n/sk- Jiao [9] proved that if w G Ap^^, then 

l|Tm||LPi(ii,i)x---xLJ'N(uj„)^LP(iya) ^ SUp ||mj || ^ysi + - - + sjv (rN") ■ 

iez 

In the case qi — ■ ■ ■ — Qn = Nn/s, this coincides with the results of [TJ [T3] (see 
(|1.5p ). However, in the same way as in the proof of Theorem ll.il we can prove that 
the estimate 

\\Trn\\LPi{wi)x---xLPN (wK)->LP(iy^) ^ SUp \\mj sjv)(rN") 

does not in general hold for w G ^p/g (but this estimate holds for w G HfeLi ^Pk/g^ j 
see (|1.4p and also [3J Therem 6.2] for general case). Indeed, as for (|3.ip and p.2p . 
we can choose ai and 0:2 so that ai/pi + 02/^2 > ^n/p, ak/pk < Sk — n/pk, 
fc = 1,2, and ai/pi < -n/pi - si + n/2. Then (|x|"i , , 1, . . . , 1) G ^p/g, and 
the rest of the proof is similar. 
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